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Abstract 
Pelletier, J.W., Locales in functional analysis, Journal of Pure and Applied Algebra 70 (1991) 
133-145. 
Locales, as a generalization of the notion of topological space, play a crucial role in allowing 
theorems of functional analysis which classically depend on the Axiom of Choice to be suitably 
reformulated and proved in the intuitionistic context of a Grothendieck topos. The manner in 
which locales arise and the role they play are discussed in connection with the Hahn-Banach and 
Gelfand duality theorems. 
Locales have long been recognized as an important generalization of the notion 
of topological space, a notion which permits the study of topological questions in 
contexts where intuitionistic logic rather than Boolean logic prevails and in which 
spaces without points occur naturally. An excellent exposition of the history of this 
generalization can be found in Johnstone’s article, “The point of pointless topo- 
logy” [7]. 
The appearance of locales in functional analysis came about through the emer- 
gence of a need to do analysis in a more general context than the classical one. In 
this expository article we shall explore generalizations of two theorems which il- 
lustrate this phenomenon-the Hahn-Banach theorem and the Gelfand duality 
theorem in the setting of a Grothendieck topos. We shall discuss the reasons 
motivating the desire for these results in a nonclassical setting, the way in which 
locales play a crucial role in their formulation and proofs, and the similarity of the 
approach in obtaining these two quite different theorems in the current context. 
The results reported on and discussed in this article are the work of Banaschewski, 
Mulvey, and the present author. Roughly speaking, the results of Section 2 are con- 
tained in the forthcoming paper [13] and those of Section 3 are contained in the for- 
thcoming monograph [2]. 
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1. Introduction and preliminaries 
The obvious question is: why would one want to do analysis in a Grothendieck 
topos? The equally obvious answer is that one becomes interested in situations 
where the known results of classical functional analysis do not apply, situations 
which fit within the context of a topos. 
One example of this is bundles of seminormed or Banach spaces. It is natural in 
the study of bundles to require an extension theorem for linear functionals from a 
subbundle to the encompassing bundle. However, the standard nonconstructivist 
approach to the existence of an extending linear functional in the classical Hahn- 
Banach theorem does not give one the assurance that the extension varies con- 
tinuously with respect to the parameters in question. Explicitly, suppose that B is 
a bundle of seminormed spaces on a topological space X and that @ is a continuous 
map of bundles from a subbundle A to the real bundle over X: 
There is no guarantee that the functionals 
(@(x) :A(x)PR),,x 
can be extended to yield functionals 
<v(x) :B(x)-+R),,x 
which still depend continuously on the parameter x. Another example is semi- 
normed spaces acted upon upon a group of isometries. Suppose B is a seminormed 
space acted upon by a group G of isometries and that 
is a linear functional which is defined invariantly on a subspace A. Again there is 
no assurance that the extension 
provided by the classical Hahn-Banach theorem is still invariant with respect to the 
action by G. 
The analogues of these two examples in the context of C*-algebras provides yet 
another instance of a situation in which the need for a more general setting is 
apparent. In fact many authors have studied C*-bundles and C*-algebras equipped 
with a group action. It is natural to ask if there is an appropriate generalization of 
Gelfand duality which will establish an equivalence between the category of 
commutative C *-bundles (or the category of commutative C *-algebras with a group 
action) with an appropriate category of ‘spaces’. 
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The setting which allows these various cases to be treated effectively is that of a 
Grothendieck topos [5]. Every Grothendieck topos E is isomorphic to a category of 
sheaves on a site, that is, on a small category equipped with a Grothendieck 
topology. The category of sheaves on a topological space X, Sh(X), is, of course, 
the canonical example of such a situation. In Sh(X), for example, we can define an 
appropriate category of Banach spaces [lo] which is equivalent to the category of 
Banach bundles over X and an appropriate category of C*-algebras which is 
equivalent to the category of C*-bundles over X. Similarly, when E = G-sets for a 
given group G, the Banach spaces (or C*-algebras) are those usual spaces (or 
algebras) provided with a G-action. 
Thus, the establishment of a Hahn-Banach theorem or a Gelfand duality theorem 
valid for the situations described above will be a consequence of their existence for 
certain well-chosen objects of a Grothendieck topos E. The category of seminormed 
spaces in E will be the relevant setting for the former theorem, and the category of 
Banach algebras in E, the latter theorem. These notions, due to Mulvey, are re- 
viewed here. 
A seminormed space B in E is a linear space B over the field of rationals Q in 
E, together with a map 
N: Q++!2’ 
where D is the subobject classifier in the topos E, satisfying in the internal logic of 
E the following conditions: 
(Sl) aEN(q)c*gq’<q aEN( 
62) 3q aEN( 
(S3) aEN(q)Aa’EN(q’)+a+a’EN(q+q’), 
(S4) aEN(q’)*qaEN(qq’), 
(S5) aEN( -aEN( 
(Se) 0 EN(q), 
whenever a,a’EB and q,q’eQ+. Intuitively, one must think of N as determining 
open balls around 0 of radius q, that is, 
N(q)=@EBl llbll <q}. 
In order to make B into a Banach space in E one needs to replace (S6) by the 
axiom 
(S6)’ a=OwVq aEN( 
which makes the seminorm Ninto a norm, and to introduce a notion of convergence 
with respect to which B is complete. We refer the reader to [lo] where such a notion, 
that of a Cauchy approximation, is defined. 
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Finally, a Banach algebra in E is an algebra A over the field of complex rationals 
in E together with an involution * satisfying the conditions: 
(i) (a+b)*=a*+b*, 
(ii) (aa) * = da *, 
(iii) (ab) * = b *a *, 
(iv) a**=a, 
and provided with a norm as defined above with respect to which it is complete and 
satisfies 
aEN(aa*EN(q2) VqEQ+. 
We close this introductory section by reviewing various definitions in locale 
theory and in particular the definition of the type of locale-compact and com- 
pletely regular-with which we shall be concerned in this paper. The most complete 
exposition on the subject of locales is given by Johnstone [8] to which source we 
refer the reader for details beyond the basic concepts and definitions given here. 
A locale L is a lattice having finite meets A and arbitrary joins v which satisfy 
the condition that 
anVS=//ar\b (bES) 
for each a EL and each subset S of L. The top element of L will be denoted by 1,. 
By a map of locales @ : L+M is meant a function 
called the inverse image map, which preserves finite meets and arbitrary joins. We 
remark that if X is a topological space, then the lattice of open sets of X, Open(X), 
forms a locale in which intersection and union are the meet and join, respectively. 
Moreover, if f: X+ Y is a continuous map of topological spaces, then the inverse 
image off gives rise to a map 
Open(f) : Open(Y) -Open(X) 
which respects finite intersections and arbitrary unions, hence to a locale map. 
A point of a locale L is defined to be a map of locales 
x:v+L 
to L from the locale 21 of open subsets of the singleton space 1. Clearly, this is a 
generalization of the topological notion, since a point of a topological space X is 
the same thing as a continuous map 1 +X. The set of points of L, Points(L), may 
be viewed as topological space under the topology obtained by taking subsets of the 
form 
D(a) = {x~ Points(L) = 1) 
to be open. 
A locale L is said to be compact provided that for any family {a; /i E I} of 
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elements of L with Vi ai = 1, there exists a finite subfamily (ai, > with Vj a;, = 1,. 
Given elements a, b E L we say that a is rather below b, denoted a a 6, if there 
exists CEL such that aAc=O and cvb=l,, and that a is completely below b, 
denoted aa a 6, if there exists an interpolation dik E L, for i = 0, 1, . . . , and k = 
0, 1, . ..) 2’, dependent on i, such that 
(i) d,, = a and d,, = 6, 
(4 4ka4,k+,, 
(iii) djkzdi+1,*k9 
for all appropriate i, k. Then the locale L is said to be regular if every b E L is the 
join of those a EL which are rather below b and completely regular if every b EL 
is the join of those a EL which are completely below 6. 
2. The dual locale and the Hahn-Banach theorem 
We have alluded to the fact that the Hahn-Banach theorem does not hold in the 
contexts of seminormed bundles or seminormed spaces equipped with a group 
action. In fact examples of these failures may be found in [13]. In particular it has 
been shown that the Hahn-Banach theorem holds for bundles over a topological 
space X if and only if X is extremally disconnected (see [3, 4, 61). Moreover, 
Banaschewski showed in [l] that the Hahn-Banach theorem holds for seminormed 
spaces in the category of G-sets if and only if the group G has a right invariant 
mean. 
Upon careful examination one sees that the central part of the difficulty in ob- 
taining a Hahn-Banach theorem in these contexts is that the space of linear 
functionals in E, that is, the space of linear maps from B to the Dedekind real 
numbers 1.51 R in E, does not possess the usually highly amenable properties that 
it does in the classical setting. Specifically, there are nontrivial seminormed spaces 
on which only the zero functional is defined. One such example is provided by the 
topos of sheaves on the Sierpinski space, which is discussed in [15]. One attempt 
to remedy this situation in a category of sheaves over a topological space was made 
by Burden [3, 41, who considered the functionals obtained when the target object 
is a ‘better’ version of the real numbers, namely the Dedekind-MacNeille reals *R, 
which are order-complete, a property that the ordinary real numbers R in a topos 
do not possess. In fact the Burden attempt was successful in that he established an 
extension theorem for *R-valued functionals. However, his theorem still does not 
eliminate the existence of nontrivial spaces having only the zero, now *R-valued, 
functional defined on them. Actually, the example mentioned above provides such 
an instance, for the Dedekind reals and the Dedekind-MacNeille reals coincide in 
any topos of sheaves on an extremally disconnected space [6]. Thus, although 
Burden obtains a Hahn-Banach theorem for extending *R-valued functionals, the 
usual corollaries one expects to be true classically, such as the embedding of a space 
in its bi-dual, do not follow from it. Hence, one is led naturally to re-examine and 
re-formulate the notion of the ‘dual space’. 
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The introduction of the notion of the dual locale by Mulvey and the present 
author [l l] solves the difficulties discussed above. The dual locale Fn B of a semi- 
normed space B is constructed by taking the Lindenbaum algebra of an appro- 
priately defined theory of linear functionals of norm not exceeding one. Explicitly, 
one forms the propositional geometric theory Fn B obtained by introducing a 
primitive proposition CI E (r, s) for each a E B, r, s E Q, together with the axioms: 
(Fl) true + OE(T,S) whenever r<O<s, 
(F2) 0 E (r,s) + false otherwise, 
(F3) QE(T,S) t- -ae(-s, -r), 
(F4) a E (r, s) + ta E (tr, ts) whenever t > 0, 
(W aE(r,s)Aa’E(r’,s’) k a+a’E(r+r’,s+s’), 
(F6) aE(r,s) k aE(r,s’)VaE(r’,s) whenever r<r’<s’<s, 
(F7) true t- aE(- 1,1) whenever aEN( 
(F8) aE(r,.s) H Vr<r,<s,<saE@‘,.f). 
We remark that intuitively one should think of the primitive proposition a E (r,s) 
as being the assertion about a norm-decreasing linear functional 0 : B+R that 
r< @(a) <s. In particular axioms (Fl)-(F5) tell us that @ is linear; (F6)-(F8) assure 
us that the values of @ are real numbers; (F7) tells us that @ has norm not exceeding 
one. 
The locale Fn B is constructed by taking arbitrary disjunctions of finite con- 
junctions of primitive propositions, modulo the equivalence relation of provable 
equivalence in the theory, together with the partial ordering given by provable 
entailment in Fn B. Thus, Fn B is the locale generated by the primitive propositions 
a E (r, s) subject to the relations described by the axioms (Fl)-(F8). Since a model 
of Fn B is determined by an assignment of truth values to primitive propositions in 
such a way that the axioms are preserved, it is clear by the construction that models 
of Fn B correspond to points of the locale Fn B, that is, to locale maps II +Fn B. 
(This general construction is called the Lindenbaum algebra of the theory.) 
The results that follow are all stated and proved in [13]. 
Theorem 1. For any seminormed space B in E, the linear j’unctionals of norm not 
exceeding one correspond precisely to the models of the theory Fn B. 0 
Under this isomorphism a model @ corresponds to the linear functional 0 : B+R, 
where @(a) is the Dedekind real number the lower and upper cuts of which consist, 
respectively, of r, s E Q such that there exist r’, S’E Q for which a E (r, s’) and a E (r’, s) 
are validated in the model or, equivalently, such that @ E a E (r, s). Similarly, a 
linear functional C#J corresponds to a model @, where 
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@ b= ae(r,s) e r<(b(a)<s. 
Thus, if we consider the topological space Points(Fn B), we observe from the general 
description of the topology and from the observation that the points of Fn B are 
the models of Fn B that a subbase for the topology of Points(Fn B) is given by 
(@I@ t= aE(T,.s)}. 
Since the models of Fn B are in a one-to-one relation with the linear functionals of 
norm not exceeding one, one sees that each open set of this kind corresponds to the 
subbasic open subset of the weak * topology of the unit ball of the dual space of A 
Thus, we observe the following corollary: 
Corollary. Points(Fn B) is isometrically isomorphic to the unit ball of the dual space 
B* in the weak* topology. q 
In analogy to Alaoglu’s theorem, it is also shown that: 
Theorem 2. For any seminormed space B in E, Fn B is a compact, completely 
regular locale. 0 
Bearing in mind that every compact, regular locale is spatial if E satisfies the 
Axiom of Choice, we may readily state the following corollary: 
Corollary. If B is a seminormed space in a topos E which satisfies the Axiom of 
Choice, then Fn B is canonically isomorphic to the weak* topology of the unit ball 
of B *; in particular, the unit ball of B * is compact and Hausdorff. El 
Thus, we see that the dual locale is a true generalization in the intuitionistic setting 
of a Grothendieck topos of the notion of the dual space. We now must examine the 
Hahn-Banach theorem itself in this setting. Since we may have no functionals to 
speak of in the case where the Axiom of Choice does not hold, it is natural to re- 
formulate the Hahn-Banach theorem in terms of the dual map. In particular, if a 
seminormed space A is a subspace of the space B classically, then the Hahn-Banach 
theorem says that the dual map B *-+A* is a quotient map. Hence it is that the 
Hahn-Banach theorem comes to be stated and proved in the following form [13]: 
Theorem 3. For any subspace A of a seminormed space B in E, the canonical map 
Fn B-+FnA 
is a quotient map of locales. 0 
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Remarks. Suppose E satisfies the Axiom of Choice. Then by the Corollary to 
Theorem 2 above, the map Fn B-+Fn A is actually given by the canonical mapping 
of the unit ball of B * to the unit ball of A *. Hence, the usual Hahn-Banach theorem 
is obtained. Moreover, in view of the Corollary to Theorem 1, one is able-with 
some work-to recover from the Hahn-Banach theorem stated here Burden’s 
Hahn-Banach theorem for the extension of *R-functionals discussed earlier 
[12, 131. Thus, the introduction of the dual locale overcomes the difficulty inherent 
with the dual space in a setting more general than the classical one and at the same 
time yields both the traditional result under the assumption of the Axiom of Choice 
and the Burden result as well. 
A further advantage of the current approach is that it permits an embedding 
theorem analogous to the classical result embedding B into B **. We have noted that 
such a result for seminormed spaces in a Grothendieck topos was impossible to 
obtain due to difficiencies of the dual space. However, the dual locale, as we shall 
see, cannot lose information about the space B as B* did. 
In this embedding we require an analogue of the bi-dual space. Since Fn B is a 
locale, we define the locale R of reals in E [8], and let R(Fn B) denote the locale 
maps 
Fn B-R. 
R(Fn B), which has the structure of a seminormed space in E, will play the role of 
the bi-dual. 
R is defined by means of a propositional geometric theory in E as was Fn B 
earlier. The primitive proposition XE (r,s) (which is to be thought of as expressing 
that a real number x lies in (r,s), for r, SE Q) is subject to the following axioms: 
(Bl) XE (r,s) F false whenever rks, 
(W x~(r,s)Ax~(r’,s’) b xe(rVr’,sA\s’), 
(B3) xE(r,s) I- xc(r,s’)vxe(r’,s) whenever r<r’<s’<s, 
(R41 xE(r,$ H V r<r’<s’<s x E O-‘, 0 
W) true + Vrcsxe(r,,s). 
The embedding map 
n: B+R(Fn B), ci:FnB+R 
is the locale map the inverse image of which takes (r, s) to a E (r, s). 
It has been shown in [13] that the association of the dual locale Fn B to any 
seminormed space B in E and the association of the seminormed space of R-valued 
locale maps R(L) to any locale L in E are functorial. In fact it has been further 
shown that the map * is actually an adjunction map between these functors. That 
the classical situation is completely mirrored follows from the following theorem: 
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Theorem 4. The imbedding map ” : B+R(Fn B) is isometric. q 
3. The maximal ideal space and Gelfand duality 
As has been mentioned in Section 1, the notion of a C*-algebra in a Grothendieck 
topos has been defined in order to study such objects as C*-bundles and C*-algebras 
together with an action by a group of automorphisms. The problem is to find an 
appropriate Gelfand duality in this context. Clearly, the classical approach of using 
the space of maximal ideals no longer works: that approach featured the con- 
struction of two equivalent objects associated with the C*-algebra A, the space of 
multiplicative linear functionals on A and the maximal ideal space of A, which were 
both important in the establishment of the Gelfand duality theorem. However, we 
have already seen that difficulties exist with the dual space A * and these difficulties 
are obviously inherited by the subspace of multiplicative linear functionals (for 
example, it, too, may be trivial for nontrivial algebras A). Moreover, the maximal 
ideal space construction requires the Axiom of Choice. 
From the construction of FnA given in Section 2, it is easy to describe the 
propositional theory MFn A of the multiplicative linear functionals on A (note that 
all such functionals automatically have norm not exceeding one) and then to form 
as before the locale MFn A. This construction has been carried out by Banaschewski 
and Mulvey [2], who call MFn A the spectrum of A. One starts by taking the axioms 
for Fn A, suitably expressed for the object of complex numbers C. In this formu- 
lation the primitive proposition a E (r,s) represents the open rectangle in the complex 
plane: 
ä --------l~ 
I I 
I I 
I I 
r i________J 
Various axioms must then be added: 
(M9) true + 1 E (r, s) whenever 1 is in (r, s), 
(Ml@ 1 E (r,s) k false otherwise, 
(Mll) ae(r,s) I- a*E(F,.?), 
(M12) aa’E(r,s) H ViaE(Pi,4i)Aa’E(PI,41) 
whenever V; (P,, qi) x (pl, 4;) =LC *(r, s). 
The locale MFnA has the property that its points are exactly the multiplicative 
linear functionals on A, which in turn correspond to the models of MFn A. 
Moreover, the following results, which are proved in [2] by showing that MFnA is 
a closed sublocale of Fn A, show that a strong analogy exists between the classical 
space of multiplicative linear functionals and the spectrum: 
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Theorem 5. For any commutative C*-algebra A in E, MFn A is a compact, com- 
pletely regular locale. 0 
Corollary. Zf E satisfies the Axiom of Choice, then MFn A is canonically isomorphic 
to the weak* topology of the space of multiplicative linear functionals on A. q 
The analogue in E of the classical maximal ideal space of a C*-algebra A is also 
defined in a similar manner in [2] by axiomatising the theory of the maximal ideal 
space. The primitive propositions used to generate the propositional geometric 
theory Max A are Ada, for every aeA, qE Q+, which intuitively are to be 
thought of as making the assertion about a maximal ideal M that 
The axioms governing the propositional theory Max A are the following: 
(Al) true + 1 E A(q) whenever q< 1, 
643 a e A(q) t- false whenever a EN(q), 
(A3) aeA(q) t- a*cA(q), 
(A4) a+bEA(r+s) t aEA(r)vbEA(s), 
(W aEA(r)AbEA(s) t- abEA( 
646) abEA t- aEA(r)VbEA(s), 
(A7) aEA(r)/\bEA(s) c aa*+bb*EA(r2+s2), 
(A8) aEA(q) t-. V4,>4aEA(q’). 
The locale Max A of propositions in the theory Max A, ordered by provable 
entailment, modulo provable equivalence, then satisfies: 
Theorem 6. For any commutative C*-algebra A, Max A is a compact, completely 
regular locale. 0 
Corollary. If E satisfies the Axiom of Choice, then MaxA is exactly the Zariski 
topology of the maximal ideal space of A. 0 
Classically, the Gelfand-Mazur theorem establishes the isomorphism between the 
space of multiplicative linear functionals and the maximal ideal space. In the current 
context we have two compact, completely regular locales playing the roles of these 
spaces. A locale map 
MFnA-tMaxA 
between them can be defined, the inverse image map of which assigns to the 
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primitive proposition CI E A(q) the disjunction of all primitive propositions a E (r,s) 
taken over each open rectangle (r,s) which is ‘rather below’ the codisc of radius q 
in C. This corresponds classically to the map which assigns to each multiplicative 
linear functional the maximal ideal which is its kernel. The Gelfand-Mazur result 
is then the following: 
Theorem 7. The locale map MFn A-tMax A is an isomorphism. q 
Let us denote by C(M), for any compact, completely regular locale A4 in E, the 
object of locale maps M-+C, where C denotes the locale of complex numbers. (C 
is defined by means of a propositional geometric theory as R was, using as 
generating proposition z E (r, s) for each complex rational r, s.) For any a E A, the 
Gelfand transformation 
B:MaxA-+C 
is the map of which the inverse image map takes (r,s) to a~ (r,s). The Gelfand 
transformation is then given by 
n : A-+C(Max A). 
The associations of a maximal spectrum Max A to every commutative C*-algebra 
A and a C*-algebra C(L) of C-valued locale maps to every locale L are quite 
obviously functorial. Moreover, the map A is actually an adjunction between these 
functors. Hence, the Gelfand duality theorem, which asserts that the category of 
commutative C*-algebras in E is equivalent to the category of compact, completely 
regular locales in E is established by the following theorem: 
Theorem 8. For any commutative C*-algebra A in E, the Gelfand representation 
^:A+C(MaxA) 
is an isometric *-isomorphism. 0 
Finally, it evolves as in the case of the Hahn-Banach theorem that Gelfand 
duality in the context of a Grothendieck topos is a true generalization of the classical 
theorem. 
Corollary. If E satisfies the Axiom of Choice, the duality established above is 
exactly that between the category of commutative C*-algebras and the category of 
compact, Hausdorff spaces. 0 
4. Summary and future directions 
The Hahn-Banach and Gelfand duality theorems are basic results of functional 
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analysis the applicability of which is often limited in scope due to the dependence 
of their classical proofs on the Axiom of Choice. The Grothendieck topos has 
proved to be a setting which includes as subcategories various categories to which 
these results were not classically applicable but which there was nevertheless an 
interest in studying, for example bundles of spaces or algebras and spaces or 
algebras equipped with a group action. The idea of replacing the traditional dual 
space and spectrum by locales has been central in allowing the necessary generali- 
zations of these two results to be obtained in a Grothendieck topos. 
We have reason to think that other classical results of functional analysis will be 
amenable from this point of view as well. For instance, progress in the study of 
compact, convex subsets of normed spaces in a Grothendieck topos has recently 
been made by Mulvey and the present author [14]. In particular a characterization 
of any compact, convex subset K of a normed linear space B is made which utilizes 
again the dual locale Fn B: it is shown that 
x E K-x E B is well-bounded by K, 
where the latter notion means that the entailment 
/j UE(T,S) t- XE(T,S) 
LZEK 
is provable in the theory Fn B for each rational open interval (r,s). Recalling that 
a E (r, s) intuitively means that r< @(a) <s, the well-boundedness condition expresses 
that every functional which maps a E K into (r, s) for all a E K also maps x into (r, s). 
This concept promises to be fruitful in on-going work by the above authors on 
convexity in spaces in a Grothendieck topos. 
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